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1 INTRODUCTION

Up to now there are three different phenomenological concepts suitable to describe
liquid crystals: The first one is the well known Ericksen-Leslie theory* whose
balance equations are formulated by use of a macroscopic director for needle-
shaped molecules with totally relaxed internal degrees of freedom. This macro-
scopic director is not well defined microscopically: It can not be identified with the
orientation of a single molecule because the orientation of the molecules is statis-
tically distributed. Therefore we need a distribution function for describing the
orientation in the fluid, or we restrict ourselves to the case of total alignment. In
that case the macroscopic director of the Ericksen-Leslie theory coincides with the
common alignment of all molecules.

The second concept describing liquid crystals uses the alignment-tensor’-!*> which
represents the first anisotropy moment of a multipole expansion of the orientation
distribution function. We get an alignment tensor balance equation whose pro-
duction term is caused by orientation-diffusion and orientation-relaxation.

The third concept describing liquid crystals is based on the idea that different
orientations of molecules may be described as components of a mixture.'? The
index numbering the component is here the orientation, represented by two angles
determining a point on the unit sphere. Because mixture theories are well
developed!!-'? balance equations for liquid crystals can be written down very easily
by use of this method. We get balance equations whose domain contains the
microscopic director describing the individual orientation of one molecule.

The aim of this paper is to derive phenomenological balance equations for liquid
crystals in alignment tensor formulation by use of a function defined on the 2-
sphere describing the distribution of microscopic directors.
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2 STATISTICAL FOUNDATION

The orientation of a single molecule of given position x and given velocity v is
represented by the microscopic director n which is an element of the 2-sphere.

The change of the orientation is described by an orientational change velocity
u. Therefore we have a time-dependent distribution function f, defined on the so
called 10-dimensional doubled phase space (x, n, v, u) € §) which is spanned by
the 6-dimensional one-particle phase space and by the 4-dimensional orientational
2-sphere state space. As usual the distribution function f, represents the distribution
density of the particles due to position x and velocity v of their centres of mass and
due to their orientation n and their orientational change velocity u (v = X(t) and u
= n(t)) at a time ¢

ft = ft(z)n’vau) = f!(D)' (1)

According to the nematic symmetry
fi(z,n,v,u) = fi(z,-n,v,~u) forall (z,n,v,u) €Q (2)

is valid. We_are able to use the usual gradients V, = 9/on and V., = d/du and the
well known integration theorem due to Stokes in IR3 (either with respect to n or

with respect to u).® Balances are globally defined on the doubled phase space Q
and are treated in the next section.

3 GLOBAL BALANCE EQUATIONS ON

In the doubled phase space each particle is represented by its 10 coordinates (x,
u, v, u) at the time ¢. But in general there are more than one particle having at
the same time the same coordinates according to the statistical approach using a
distribution function. Since at later times particles of the same coordinates at earlier
times may have different ones, particles can not be traced back uniquely. Hence
the fundamental concept of a body in continuum physics’® does not exist in a
statistical approach using a distribution function.

Athough the concept of a body does not exist one is able to formulate global
balance equations in the doubled phase space by choosing special domains of
integration. These domains — called modified bodies — are characterized by the
two following properties®:

1. The total convective flux of the balance quantity across the boundary of a
modified body must vanish,
2. The total mass flux across the boundary of a modified body must vanish, too.

Hence the following general global balance can be formulated:



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:52 19 February 2013

ORIENTATION-BALANCES FOR LCs (1457135
d o 10 T 10
L @@ da= [ (@@ +v.L0)] e @

¢ = balanced quantity ¥, = production of ¢
J, = flux density belonging to ¢

In this general balance the balances of mass, momentum, angular momentum and
energy are included by a special choice of ¢, ¥,, and J,,,. Formulated on () they
can be reduced to the so-called orientation balance equations.

4 ORIENTATION BALANCE EQUATIONS

By definition orientation balance equations are formulated on the position part of
Q (x,n) € 2 C Q. Therefore we get the orientation balance equations by integrating
the balances defined on 2 over the velocity part of Q: (v, u) € ' C (.

By this procedure we establish a series of averages on 2’ of the physical quantities
which occur in the left hand side of the general global balance Equation (3).

p(60)i= [ p(@)e(@) T @)
Here the abbreviation

() = (z’ n,t) (5)

is introduced for the set of variables belonging to =. For exploiting the total time
derivative in the balance equation we need the commutation rule between the total
time derivative and the integration. This rule is given by the generalized Reynolds
transport theorem

Proposition 4.1

If ®,(0): @ x IR — IR is continuously differentiable and G, C €, then

d 10
d—t-/G‘ ,(0) d°Q =

= /G' {%%(D) + Vg - (”M‘I’t(m)) + Vg - (“Mq’t(D))}dlon (6)

is valid. Vs (resp. Vs) denotes the gradient of the appropriate variables (x, n) €
2 (resp. (v, u) € X') and vy, and u,, are the velocities of the time evolution of G,
projected on = or X', respectively.

Because we integrate the balance equations over all the velocities in 2’ we need:
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Proposition 4.2

Presupposing suitable conditions™!* the following statements are valid

v/E’ VZI . (“Mft(D)X) d52/ =0

7
( X = mass, momentum, angular momentum, energy) ™
Va(ud) =n-V,x(n x ud), )
2, —
/3 Vo(ud)dn=0. (9)

By use of proposition 4.1 we get the following orientation balance equations
defined on =

mass.

200)+ Ve wp() + Var(w(p()) =0, (10)
momentum:
2 (p020) + 9 (02000000~ L70)) +
1 Tax (w00 - LT = pOFC) (1)
spin:
(3 + Voo + Tuut) )0 = pl)m x 9() + (12)

nx Ve IIT()+n-Vax(nx ()T +6 Y AQ

internal energy:

0
57 (#0e)) + V(a0 + 4 (2e0)) + - Tx (@) +
W) = () + (Voo () : L) + (Veu() : L) (13)

~w() &0t IO+ n- ((Tuesv()) : O + (Vagu() - £0))

In these orientation balances the following basic fields per orientation occur

mass density:
)= [ p(@) & (14)
velocity:

()= [ (@ dE (15)
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orientational change velocily and angular velocity:
pOu() = [ p(@udE, w()i=n xu()
quadratic averages:
p() Y 0)(:) = /E A(OY v with Y = u,v
internal energy density:
PO {3 BOF + 308 x uOF + )} =

/2, p:(0) [%vz + %ﬂ(n x u)? + e,(D)] B3

force density per orientation:

pOFC) = [ p(@k(D) T,

stress tensors:

I0) = [ B@EE +p0)(v(3u0) = (#0)0))
Uo = p0)(v0m x ()= (on x w)0) |

couple force:

P90 = [ p(0)g(0) £,
couple stress tensors:
L) = [ 2@ +0p0)(u0)e() — (@0)()),
£0) = 0p0)(u0)n x u() - (un x w)()) ,

heat fluzes:

q(-) :

[ {a® +u0)- 2,(0) +v() - B} &' -
(u-z)) - (v-B)()+

+0) {00) (3F = 9%0) + 3 (v 07C) + (w07)(1) -

(v0)() - () + 0 [o() (W) - wi()) +

[1459)/137

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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L () + (2?)() = (ww)() - ()] +
(ve)() — 2()eC)}
QM) = ptm x {u() (20 = 070) + 3 (W) + (wr?)) -
(w)()- )+ 0 [u) (07 = 070) + 5 (OO0
Hu?)()) = (wo)() - w()] + (we)) —wOe()}  (26)
energy production:
1 = o [ AOE) k(D) vt 0) WldF - (@)

) -v()—g9() u() -

A macroscopic director did not appear and was not defined up to now.

The position part = of the doubled phase space € is distinguished from the
physical space IR® by the internal variable n of the microscopic director. For
formulating balance equations on IR? we must get rid of the microscopic director
without loosing the information due to orientation. The derivation of these usual
balance equations including a set of equations describing the macroscopic orien-
tation of the fluid can be found elsewhere.!* The result is that these balance equa-
tions on IR? are the usual balances of a micropolar continuum,’ but the essential
difference is that all balanced quantities are statistically defined.

5 BALANCE EQUATIONS FOR ALIGNMENT TENSORS

We use the concept of alignment tensors’ for a macroscopic description of the
orientational distribution of the liquid crystal. The main idea of this approach is
to expand the orientation distribution function f(-) into a series of multipoles

.ONE Y A —
fG) = m = i (1 + E(zl - 1)!!au1---u1(w’t) Ryy 0 My ) . (28)
Here is
M=11-2)(1-4)--- (29)
7 is a the unit vector
ii=nf ' (30)
greek indices pq, . . ., p; denote the components of a vector (general: a tensor)

with respect to a cartesian basis and ————— marks the (totally) symmetric

irreducible part of a tensor, that means for a given tensor b, ,,isb,, , symmetric
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with respect to index permutations and will vanish for arbitrary contractions
(b RN = 0).

The tensorial coefficients a,,, _,,, in Equation (28) are called the alignment tensors
of order /; they are given by

Ay, 1) = 2 lf J() iy oo iy d’n (31)

For deriving balance equations for the alignment tensors we first need an equation
for the orientation distribution function f(-). Inserting the definition Equation (28)
of f(-) into the mass balance per orientation Equation (10) we get after a brief
calculation

d
5:/()+ Ve (v()f () + 0 Vax(w()f() + f(: )( 7 +0() Va)ln p(=,1) = 0.
(32)

Now we insert the multipole expansion Equation (28) of f(-) in Equation (32).
With the help of an orthogonality relation® we are able to project out of Equation
(32) a relaxation equation for the alignment tensor of k th order. This calculation
is a rather lenghthy one® and will be published elsewhere.® As a result we obtain
a system of coupled partial differential equations called the alignment tensor bal-
ance equations'* which can be written down in a short form

(gt+v(a: t)-V )a,,,...,,,‘—k(w(:c,t)xgk)

The right hand side of Equation (33) which depends on alignment tensors of all
orders has a typical form:

= { all orders } . (33)

ViV

{ all orders } = Flév(-),6w(-)], Flo,0]=0 . (34)

Here the peculiar velocities
§v() = v() — v(z, 1), Sw(-) = w() —w(z,1) . (35)
are introduced.
The left hand side of Equation (33) is Jaumann’s total time derivative for sym-

metric irreducible tensors. Therefore that side of the equation describes the changes
of the alignment tensors which can be observed from a frame transferred with

o(@,t)i= [ v()f()dn (36)
and rotated with

w(z, 1) = /52 w()f()dn . (37)
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Thus the right hand side of Equation (33) is due to the production of alignment.
This production of course will vanish, if there are no deviations in the Velpcity
distribution of v(-) and o(+) from their averages v(x, t) and w(x, ¢). This will be
the case, if the orientation-diffusion (differently orientated molecules have different
velocities) and the orientation-relaxation (differently orientated molecules have
different angular velocities) are finished. The special form of the alignment pro-
duction involves generally all the alignment tensors of any order. A subdynamic
even of the alignment tensor of second order will not exist in general. Neverth'eless
we suppose that the constitutive equations will suppress the influence of the higher
rank tensors due to their faster orientation-relaxation.

If a special diffusion ansatz as constitutive equation is made in the position part
of the doubled phase space

p()v() = —=D(=,)Vp() , (38)
JOu()y= U=z, )V f() (39)

we get a relatively easy balance equation for the alignment tensor of order &k

%Q"(z, t) - D(:B, t)vz'vzg’_k(m’ t) + k(k + l)ﬂ(za t)ﬂk(zs t) =
= V.D(=, t) : V:rgk(w’t) + 2D($, t)va:gk(za t) +VgIn p(wvt) (40)

which does not couple to alignment tensors of other orders.%*

6 CLOSURE

Starting out with statistically founded global balance equations formulated on the
doubled phase space (position and orientation) we get local balance equations for
mass, momentum, spin, and internal energy on the position part of this doubled
phase space including the microscopic director as variable. Expansion of the dis-
tribution function concerning the orientations of the microscopic directors yields
an alignment tensor balance. Its production term disappears with vanishing ori-
entation-diffusion and orientation-relaxation. Diffusion ansatzes as constitutive
equations yield a simplified alignment tensor balance.
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